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1. INTRODUCTION 
Let T > 0 be given. Let f E C([O,T] x R2, R), h E C(R, R), g E C(R2, R), and T E C2(R, R) 
with 0 < r(x) < T for x E R. We are concerned with pulse phenomena of the second-order 
impulsive differential equation 
x” = -f(t, x, x’), t # r(x)1 
x(t + 0) = h(x(t)), t = r(x), 
x’(t + 0) = 9(x:(t), x’(t)), t = r(x), 
(1) 
x(O) = x0, x’(0) = yo. 
The surface t = ~(5) in the (x,x’, t)-space is called the pulse surface and denoted by C. 
The trajectory will jump whenever it touches the pulse surface. If for a particular to E (O,T), 
to = ~(x(t0)) = ~(h(z(to))), then the solution will jump again and even jump all the time among 
points on C. Although it is reasonable to consider those eventually discrete solutions, we do not 
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consider them in this paper. Thus, we define a function x : [0, b] -+ R, 0 < b 5 T, to be a solution 
of (I) if 
(i) x(O) = zo and x’(0) = ?JO; 
(ii) x(r) is twice continuously differentiable and x”(t) = -f(t,x(t),z’(t),) for those values of 
t E [0, b] such that t # 7(x(t)); 
(iii) x(t) and z’(t) are left continuous at t = r(x(t)) E [0, b] and z(t + 0) = h(z(t)), x’(t + 0) = 
g(x(t),z’(t)), and there exists a 6 > 0 such that s # 7(%(s)) for s E (t,t + 6) (even if 
t = Wx(t)))). 
In the special case where t = r(x) is a constant, a pulse occurs at the fixed time. In gen- 
eral, however, a solution to (I) may jump at a various time depending on the solution. Pulse 
phenomena are called absent if there is at most one pulse for every solution of (I). The absence 
of pulse phenomena for various impulsive differential equations was studied by many authors 
(see, e.g., [l-4]) and the presence of infinitely many pulses was considered in [5,6] for first-order 
impulsive differential equations. 
Let N be the normal to the pulse surface C at’s point on C and S be the tangent of the trajectory 
at that point. A usual assumption imposed for the absence of pulse phenomena is 5’. N I 0 [l-4]. 
In this paper, we will give sufficient conditions for the absence of pulse phenomena of (I), but we 
do not require the assumption S. N 5 0. In fact, the pulse surface C of (I) is a cylinder whose 
normal is N = (T’(X), 0, -1) and the trajectory tangent is S = (z’, -f, 1). Therefore, 5’. N 5 6 
is not a proper assumption, for otherwise it would imply z’T’(x) _< 1 for all (x,x’) E R2, and so 
r’(x) z 0, and so the pulse time would be fixed. 
Section 2 will be devoted to the absence of pulse phenomena. In Section 3, we will establish 
results on pulse beating and estimate the upper bound for the number of pulses. Some examples 
will be given to illustrate our main results. 
2. ABSENCE OF PULSE PHENOMENA 
Before studying the absence of pulse phenomena, we consider the continuation of solutions 
of (I). 
Apparently, it suffices to consider the case when a solution x(t) touches the pulse surface C at 
to E [0, T), namely, when to = ~(x(to)). Then a pulse leads us to the initial value problem 
x” = -f(t, x,x’), t > to, t # T(X).; 
x(t + 0) = l-+(t)), t = T(2), 
x’(t + 0) = g(x(t), x’(t)>, t = T(X), 
(11) 
x(to + 0) = x0, xc’@0 + 0) = Yoyo, 
where x0 = h(x(to)) and yo = g(z(to),d(to)). A so u ion to (II) exists and can be viewed as a 1 t 
continuation of the solution to (I) provided the trajectory does not lie on the pulse surface C even 
locally. This is the case whenever to # ~(20) or to = ~(20) but the vector field is not tangent 
to C at that point. More exactly, if to = T(Q), let x(t) be a solution of 
2’1 = -f(C XT 4, t>to, 
x(to) = x0, x’(to) = Yo, 
and set 
for some 6 > 0. Then 
P(t) = T@(t)) - t, t E [to,to +q, 
P@o> = 0, P’(to) = T’(Xo)Yo - 1. (1) 
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If p’(to) # 0, then a 6 > 0 can be found such that t # 7(x(t)) for t E (to, to + 6), and hence, the 
solution of (I) is continued to the right to to + S. 
Similarly, if /(to) = 0, then we must require 
Noting that yc = l/r’(~) from (l), we have thus proved the following result on continuation. 
THEOREM 1. If for every x E R with T’(X) # 0, 
T”(X) # (T’(x))3f (+4,x, (+wl) , (2) 
then every solution of (I) is continuable to the right. 
By Theorem 1, under condition (2), we may define the maximal solution of (I) and its maximal 
interval of existence. In what follows, by a solution of (I) we mean a solution on its maximal 
interval of existence. 
To obtain results on absence of pulse phenomena, we will need the following hypotheses. 
(HI) For every x E R, ~(h(x)) 5 T(Z). 
(Hz) For every z, y E R, if r’(x)y 5 1, then r’(h(x))g(z, y) < 1. 
(Hs) For every z E R and t E [O,T], if r’(x) # 0 and t 2 r(x), then 
T”(X) < (T’(X))3f (t, 5, (Tt(x),-l) . 
Obviously, (Hs) implies (2), and therefore, Theorem 1 is valid under (Hs). 
THEOREM 2. Assume that (H+(Hs) hold. Th en every solution of (I) meets the pulse surface 
C : t = r(x) at most once. Moreover, every solution of (I) which exits on the whole interval [0, T] 
meets C exactly once. 
PROOF. Let x(t) be a solution of (I). Define 
p(t) = e(t)) - 4 whenever z(t) exists. 
Then p(O) = 7(x0) > 0. Suppose x(t) hits C at the first time tl E (O,T), namely, 
p(t) > 07 t E [O,h), p(h) = 7(x1) - t1 = 0, 
(3) 
(4 
where xi = x(tl). By (HI), 
&‘(tl + 0) = T(X(h + 0)) - tl = +(X1)) - 7(X1) < 0. 
By our definition of solutions, there is a S > 0 such that t # 7(x(t)) for t E (tl, tl + 6). We claim 
that this 6 > 0 can be chosen so that 
P(t) < 0, t E (h, t1 + 6). (5) 
If p(tl + 0) < 0, then such a 6 can easily be found. If p(tl + 0) = 0, then ~(h(xl)) = tl. Since 
p’(t) = T’(x(t))x’(t) - 1, it follows from (4) that -r’(x1)x’(t1) 5 1, and hence, by (Hz), 
~‘(~(~1))57(~l,Yl) 1. 1, (6) 
where yr = x’(tl). Now we have 
d(tl + 0) = T’(X(h + O))X’(tl + 0) - 1 = T’[h(X1)]g(X1,y1) - 1 5 0. (7) 
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If p’(ti + 0) < 0, then (5) is true for some 6 > 0. If p’(tr + 0) = 0, then r’(h(zr))g(zr,Yr) = 1 
which implies r’(h(zi)) # 0. In this case, we need to examine the second derivative 
Letting t + tr + 0, by (Hs), we have 
and hence, (5) holds for some 6 > 0. 
Next, we will prove p(t) < 0 for all t > tr. Otherwise, there must exist a t2 > tr such that 
p(t2) = 0, p’(t2 - 0) 10, PM < 09 t E (t1,tz). (8) 
Since p’(tr + 0) < o and p’(t2) 2 0, there must be a to E [tl,tz) such that p(t) attAns a local 
minimum at to, and hence, from (8), 
p(to) < 0, p’(to) = 0, p”@O) 10, (9) 
where, if to = tl, values of the functions are referred to right limits. From p’(to) = r’(ze)z’(to) - 
1 = 0, it follows that x’(to) = l/~/(x0). Thus, we have a contradiction 
1 
0 1. p”(t0) = - 
T’2(Xo) 
[T”(xo) - f (to, xo, (T/(x0))-l) T13(xd] < O* 
Finally, if x(t) exists on [0, T], then x(t) must hit C at least once. Otherwise, p(t) is continuous 
and p(t) # 0 on [O,Z’]. But this is impossible since p(O) = ~(20) > 0 and p(T) = 7(X(T)) -T < 0. 
The proof of Theorem 2 is complete. I 
If the function f(t, x, y) is decreasing in x for fixed (t, y) E [0, T] x R, then the hypothesis (Hs) 
can be weakened. To see this, we assume the following. 
(H’,) T(X) is monotone and for every z E R, ~(h(x)) 5 T(X). 
(H!J For every x,y E R, if ~‘(x)y 5 1, then T’(X)g(X, y) < 1. 
(Hi) For every x E R, if T’(X) # 0, then 
T”(X) 5 T’3(X)f (T(X), X, (T’(X))-l) . 
One sees that (Hs) implies (Hi) but (Hh) is different from (Hz). Although (Hi) does not 
imply (2) in Theorem 1, we can similarly prove Theorem 1 under (Hi). But we omit the details 
for simplicity. 
Now, we have the following result. 
THEOREM 3. Suppose that the function f(t, CC, y) is decreasing in x for fixed (t, y) E [O,T] x R. 
If (Hi)-(Hi) hold, then every solution x(t) of (I) meets c : t = T(X) at most once and every 
solution of (1) exiting on the whole interval [O,T] meets C exactly once. 
PROOF. Let x(t) be a solution of (I). Let p(t) = 7(x(t)) -t on the interval of existence of z(t). 
Suppose x(t) hits C at the first time t = tl, namely, tl = r(q) with zr = x(tl). Then, p(t) > 0 
for 0 5 t < tl, p(tl) = 0, and p’(tl) 5 0. It suffices to show that p(t) < 0 for all t > tl where x(t) 
exists. 
In fact, by (H’,), we know p(tl+O) = T(x(tl+O)) - tl = ~(h(x1)) -7(x1) 5 0. If p(tl+O) < 0, 
then there exists a 6 > 0 such that 
P(t) < 07 t E (t1, t1 + 6). (10) 
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Suppose that p(tl + 0) = 0, namely, p(tl + 0) = ~(h(x1)) - ~(21) = 0. The monotonicity of 7 
gives h(q) = 21, which implies 
p’(t1 + 0) = 7’(h(x1))x’(t1 + 0) - 1 = +l)L7(wqh)> - 1. 01) 
Noting that ?(zl)z’(tl) 5 1 since p’(tl) 5 0, by (Hi) and (ll), we know p’(tl + 0) < 0 which 
means (10) holds for some 6 > 0. 
Now we assume to the contrary that there exists a tz > tl such that 
P(t) < 0, t E (t1,t2), p(t2) = 0, p’(t2) 1 0. (12) 
To be definite, let -r’(t) 2 0. The case where T’(t) 5 0 can be handled similarly. 
Let 4(t) = x(t) - T-‘(t). Then 4(t) < 0 if and only if p(t) < 0, and from (12) it follows that 
for tl < t < t2, 4(t2) = 0, 4’@2) 2 0. 
Since p’(t2) = 7’(~2)2’(t2) - 1 2 0, where 22 = x(tz), we see that ~‘(22) > 0. If T’(X) > 0 for 
all x E [x1,52], then the inverse function T-‘(t) exists and (T-l(t))’ > 0 for all t E [tl,tz), and, 
by (I%), 
cb’(t1 + 0) = x’(t1 + 0) - & = T’(xl’;!;+I;;;’ - l < 0. 
If T’(Z) = 0 for some x E [$1,x2) such that T(X) = s E [tl, tz), we may assume that x is the 
largest zero of T’(X) on [x1,22). Then -r-‘(t) exists on (s, tz) and limt-s+o(T-l(t))’ = +OO, and 
hence, there is a t* E (s, t2) such that #(t*) < 0. I n either case, there is a to E (tl, t2) such that 
dto) < 0, &(to) = 0, #‘(to) 2 0. (13) 
Therefore, from (13) and 
4’(t) = x’(t) - T, (T!1(t)) ) t E (t1,t2>, 
we have x’(to) = l/#(y), where y = T-‘(to). Finally, since x(to) < y from (13), by (Hi), we get 
0 5 $h”(to) = x”(t0) + T”(y)(T’(y))-3 
which contradicts the fact that f(t,x,x’) is decreasing in x. The proof of Theorem 3 is com- 
plete. I 
We now consider the following impulsive problem with multiple pulse surfaces: 
2” = -f@, x, x’), t # Tk(X), 
x(t + 0) = bc(x(t)), t = Q(X), 
x’(t + 0) = gk(x(t),x’(t)), t=Tk(X), k=1,2,..., 
(111) 
x(O) = x0, x’(O) = Yo, 
where 0 < 71(x) < 72(X) < . . . < T 4 foe, and TV is bounded on R for each k, Tk E C2(R, R), 
Ik, hk, and gk are continuous. 
THEOREM 4. Suppose that for every k 2 1 (HI)--(H3) hold for h(x), g(x, y), T(X) replaced 
with hk(x), gk(x, y), ‘rk(x), respectively. Then, every soJution x(t) of (III) hits every surface 
& : t = ?-k(x) at most once. 
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THEOREM 5. Suppose that for every k 2 1, (II’,)- hold for h(x), T(Z), g(z, y) replaced with 
hk(X), Tk(X), Sk(X,Y)r respectively, and the function f (t, x, y) is decreasing in x for every fixed 
(t, y). Then, every solution x(t) of (III) hits each Ck : t = ok at most once. 
Theorems 4 and 5 are similar to Theorems 2 and 3, respectively, and their proofs are omitted. 
THEOREM 6. In addition to the conditions of Theorems 4 or 5, suppose that 
(H4) Tk+l(hk(x)) > Tk(x), k 2 1. 
Then every solution x(t) of (IIIJ existing on the whole interval [O,T] hits each pulse surface 
& : t = ?-k(x) exactly once. 
PROOF. By Theorem 2 or 3, we know that x(t) hits Cr exactly once, say, at t = tl. The rest of 
the proof is given by induction. Suppose that x(t) hits Ci exactly once at t = ti, i = 1,. . . , k. 
Set 
Pk+l(t) = Tk+l(+)) - t, t > tk. 
Then, by (H4), we get 
Pk+l(tk +o) = Tk+I(&k)) --k = Tk+l(&k)) - Tk(xk) > 0, 
where xk = x(tk). Since rk+r(x) is bounded above, say, rk+r(z) < Tk+r, we have 
Pk+l(Tk+l) = Tk+l(Z(Tk+l)) - Tk+l < 0. 
Hence, &+1(s) = 0 for some s E (tk,Tk+r) and the proof of Theorem 6 is complete. I 
EXAMPLE 1. In(I), wesetT(x) =crarctanx+7r/2withO <a < l,f(t,x,y) =y2, h(x) = (l-X)x 
for 2 2 0, h(z) = (1 + X) x f or zr < 0, and g(z, y) = X2y with 0 < X < 1. It is easy to verify 
that (HI)-(Hs) hold. Then, by Theorem 2, every solution x(t) existing on [O,r] jumps on the 
pulse surface C : t = T(x) exactly once. 
3. PRESENCE OF PULSE PHENOMENA 
In this section, we discuss the presence of pulse phenomena for (I) only in the case where 
f(G 2, Y) = f@, 2). 
THEOREM 7. Suppose (II:)- hold and 
(Hs) there is an L > 0 such that 
fk x) - f(4 Y) I Lb - Y), x 2 Y, x,y E R. 
Then, every solution of (I) hits the pulse surface C : t = r(x) at most [2aT/4 + 1 times. 
Particularly, if 2&T 5 r, then every solution x(t) of (I) hits C at most once and every solution 
existing on the whole interval [0, T] meets C exactly once. 
PROOF. Let x(t) b e a solution of (I). Define d(t) = x(t) - -r-‘(t) as before. Let tl be the first 
time the solution x(t) hits the pulse surface C; that is, 4(tl) = 0. As we showed in the proof of 
Theorem 3, from (Hi) and (H’,), we can prove that 4(t) < 0 for those t larger than and close 
to tl. Suppose the solution hits C again at t2. Then qS(t) < 0 for t E (tl,tz), q6(t2) = 0, and 
qb’(t2) 2 0. We again assume that T’(X) 2 0 and omit the similar discussion in the case r’(x) 5 0. 
We can then find a to E (ti, t2) such that -r’(t) > 0 for t E [to, t2] and 
4(to) < 0, 
Using (HL) and (Hs), we have 
7” (v’(t)) 
4”(t) = x”(t) + [7, (T-l(t))13 I f (6 7+)) - f(C x:(t)> 
5 L (7-l(t) -x(t)) = -L+(t). 
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A comparison of the boundary value problems 
4’(t) + w(t) i 0, to < t < t2, 
d+o) < 0, 4J’@o) = 0, 
and 
y”(t) + Ly(t) = 0, to < t < t2, 
y(t0) = 4(to), Y’@o) = 0, 
gives t2 - to 2 x)(2&), and hence, t2 - tl > t2 -to 2 r/(2&). 
When more pukes occur, the above estimate is actually valid for every pair of consecutive zeros 
of q!(t), and the proof of Theorem 7 is thus complete. 4 
EXAMPLE 2. Let T > 3~/2. Set 7 E C2(R, (0, T)) such that T(X) is monotone, T(Z) = r+arcsinz 
for (21 5 l/2, and T(X) < 7~ + arcsina: for -1 5 z < -l/2. Let f(z) be continuous such that 
f(z) = z for -3/2 5 z 5 l/2. Let h(z) = 2 - 1 and g(z, y) = Xy with X = (1 + &)/2. It is 
easy to verify (H’,)-(Hi) hold and (Hs) holds for L = 1. S’ mce 2T/7r > 3, by Theorem 7, every 
solution of (I) hits t = T(Z) at most .four times. On the other hand, the solution x(t) given by - sin t, 
x(t) = -3sint, 
571. 
tE ( 1 67 7 
cost-2Xsint, 
7r tE ( n,-- 1 
6 
, 
hits t = T(Z) at t = 57~/6, r, and 7~16, and hence, there are at least three pulses on [0, T]. 
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